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Abstract. The aim of this paper is to give the characterisation of the Lp
Range (p ≥ 2) of the Generalised Poisson Transform of the Hyperbolic
space B(Hn), (n ≥ 2), over the classical field of the quaternions H.
Namely, if f is an hyperfunction in the boundary of B(Hn), then we show
that f is in Lp(∂B(Hn)) if and only if it’s generalised poisson transform
satisfy an Hardy type growth condition. An explicit expression of the
generalized spherical functions is given.
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1. Introduction
Riemannian symmetric spaces of non compact type G/K are of great impor-
tance for various branches of mathematics. Morever they give an interesting
connection between the theory of group representations and Special functions.
The investigation of this relation gave a powerful push of the development of
physics.
Harmonic analysis on non compact riemannian symmetric spaces was
first developped in the 1950’s with harish chandra. It’s has been next inte-
sively studied by many people, namely by Helgason and it is nowaday well
inderstood. It becomes then natural to extend the theory to homogeneous
vector bundle over G/K.
.
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Many autors examined this theory and tried to formulate a general-
ization of the whole harmonic analysis over G/K, while other people have
intensively studied some special contexts of this theory: main tools are the
theory of spherical functions, Fourier and Poisson transform.
Let X denote a non compact Riemannian symmetric space of rank one.
Then X can be identified with G/K where G is a connected noncompact
semi simple Lie group with finite center having real rank one, and K is a
maximal compact subgroup of G. An irreductible unitary representation τ of
K is canonically associated to a vector bundle over Eτ over G/K.
In this work, we restrict ourselves to the case where X is the quater-
nionic hyperbolic space. This framework was previously treated in [1], the
autors gived a complet treatment of the spherical transform on vector bundle
over X . The aim of this paper is to give a characterisation of the generalized
poisson transform related to an irreductible representation τl of K using τl-
spherical functions, and τl-generalized spherical functions.
Let’s now describe in more details the background of this paper. As
hyperbolic space, it is known that the boundary of X is representation of
degenerate principal series; the generalized poisson transform is an intetwit-
ing operator from representation of degenerate principal series to the space
of ”eigensections” of the vector bundle over G/K. The spherical functions
arises then as a generalized poisson transfrom of a particular function in the
boundary of X . Following the techniques of Takahashi in [3] we give the ex-
pression of these spherical functions as hypergeometric function, which allows
as to give the proof of the necessary condtion of our main theorem.
Next we recall the decomposition due to Peter-Weyl L2(∂B(Hn)) =∑
(p,q)∈Vp,q
Hp,q, the zonal spherical harmonics that spans Hp,q are given in
[5]; then we define an operator Pλ,l,p,q from each Hp,q to L
2(∂B(Hn)), and by
Schur’s lemma we conclude that the operator Pλ,l,p,q is scalar on each com-
posantHp,q. This leads to the existence of the generalized spherical functions:
Poisson transform of the zonal spherical harmonics.
Using some computational methods for special functions, we are able
to give explictly the expression of these generalized spherical functions. In-
deed, they arise as a linear combination of two contiguous hypergeometric
functions. The main difficulty in the proof of our main theorem, after the
explicit computation of the generalized spherical functions, is to find their
asymptotic behaviour. This problem has been resolved in [2]. This allows as
to prove the sufficient condition of our main theorem for the case p = 2. The
case p > 2 is given by an inversion formula.
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2. Notations, preliminaries and statement of the main results
Let n ≥ 2 be an integer, and let H be the classical field of the quaternions.
Hn+1 being considered as left vector space, let’s define the following Lorentz
form L on Hn+1:
L(x, y) = y1x1 + y2x2 + ... − yn+1xn+1 where yi is the quaternionic
conjugate of yi.
Let’s consider B(Hn) be the bounded realisation of the Hyperbolic space
X := G/K, where:
G = Sp(n, 1) is the subgroup of GL(n+ 1,H) preserving L, and
K = {k =
(
A 0
0 D
)
;A ∈ Sp(n), D ∈ Sp(1)}
Recall that then G is a connected non compact semi-simple real Lie
group with finite center and K is a maximal compact subgroup of G. The
quaternionic hyperbolic space X := G/K can be realized as a non compact
Riemannian space of rank one and of real dimension 4n.
But we know that Sp(1) is canonically isomorphic to SU(2), then the
set of equivalence classes of unitary irreductible representations of Sp(1) is
parametrized by the set of non negative integers N/2 ;
Lets denotes by τl the equivalence classe corresponding to the parame-
ter l and let define τ(k) := τl(D) for every k in K;
Thus, τl is a unitary irreductible representation of Sp(1) in a hilbert
space Vl of dimension dimVl = 2l+ 1, and τl can be extended to a represen-
tation of K by setting τl ≡ 1 on Sp(n);
Furthermore, each τl is self-dual, it follows that the character of τl,
χl = tr(τl) satisfies : χl(k
−1) = χl(k) for every k in K;
And we also have: χl(q/|q|) = C
1
2l(Re(q/|q|) = sin(2l+1)θ/sinθ, where
q := r(cosθ + ysinθ) ∈ H
τl is canonically related to an homogeneous vector bundle E
τ = G×K Vl
and the space of sections of Eτ can be identified with the space:
Γ(G, τ) = {F : G→ Vl, F (gk) = τ(k)
−1F (g), ∀g ∈ G, ∀k ∈ K}
let’s denote:
C∞(G, τ) = Γ(G, τ)∩ C∞(G, Vl) , C
∞(G, Vl) being the space of C
∞ functions
F : G→ Vl.
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Recall that we have: L2(G, τ) ≃ {L2(G)
⊗
Vl}
K where the upper index
K means that we take the subspace of K-invariant vectors for the right ac-
tion of K on L2(G) and the induced bundle L2(G, τ) may sit in L2(G) in a
naturel way.[4][6]
Let a be a maximal abelian subspace in p and let m ≃ sp(n−1)
⊕
sp(1)
be the centralizer of a in k then we have the Iwasawa decomposition :
g = k
⊕
a
⊕
n and we also have the identification: a⋆ = R, and let g = sp(n, 1)
and k = sp(n)
⊕
sp(1) be the Lie algebras of G and let g = k
⊕
p be the Car-
tan decomposition.
Let’s denote by ρ the half sum of positive roots of the pair (g, a). For
instance, ρ = 2n+ 1;
let P := MAN be the the standard minimal parabolic subgroup of G
where A, M , N are the analytics subgroups related respectively to a, m and
n, and for t ∈ R set A = {at, t ∈ R}; For each g = katn ∈ G , we’ll denote
κ(g) = k and t = t(g)
Let’s denote by ∂B(Hn) = G/P ≃ K/M the boundary of G/K
Now we are ready to define a generalized Poisson transform referring
the reader to [7],[9] for more general framework.
For all λ ∈ C define the representation σλ,l of P = MAN by:
σλ,l(matn) = e
−(λ−ρ)tτl(m)
Now let’s consider the representation piλ,l = Ind
G
P (σλ,l) the representa-
tion of G induced by the character σλ,l; The representation piλ,l is realized in
Hλ,l ,the Hilbert completion of the space:
H∞λ,l = {F : G→ Vl, C
∞, F (gmatn) = e
(λ−ρ)tτl(m
−1)F (g),
∀g ∈ G, t ∈ R, n ∈ N}
H∞λ,l may be identified with the space:
C∞(G/P, l) = {f : G→ C, C∞, f(g) = 1/dl
∫
M f(gm)χl(m)dm,
f(gatn) = e
(λ−ρ)tf(g), ∀g ∈ G, t ∈ R, n ∈ N}
Then piλ,l acts on the Hilbert space :
Hλ,l = {F : G → Vl, C
∞, F (gmatn) = e
(λ−ρ)tτl(m
−1)F (g), ∀g ∈ G, t ∈
R, n ∈ N,F/K ∈ L
2(K)} by left translations.
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AsK-module,Hλ,l is identified with L
2(K,σ) : the space of L2 functions
on K of right type σ := τl/M ; more precisely, the restriction map f 7→ f/K
induces a bijective isometry from Hλ,l to the space L
2(K,σ).
Morever, piλ,l acts on L
2(K,σ) by the rule: piλ,l(f)(k) = e
(λ−ρ)t(g−1k)f(κ(g−1k))
For g ∈ G put: Pλ,l(g) := e
−(λ+ρ)t(g)χl(κ(g))
For f ∈ C∞(G/P, l) the generalized Poisson transform is defined as fol-
lows: Pλ,lf(g) :=
∫
K
Pλ,l(k
−1gk)f(k)dk
which gives:
Pλ,lf(g) =
∫
K
e−(λ+ρ)t(g
−1k)χl(κ(g
−1k)k−1)f(k)dk
Denote by A′(∂B(Hn) the space of hyperfunctions on the boundary
∂B(Hn) of B(Hn).
For λ ∈ C a straightforward computation shows that the generalised
Poisson transform may be realized in A′(∂B(Hn)) as follows:
Pλ,l(f)(x) =
∫
∂B(Hn)
(
1− |x|
2
|1− < x, ω > |
2 )
iλ+2n+1
2 χl(
1− < x, ω >
|1− < x, ω > |
)f(ω)dω
Now we may state the main theorem of this paper:
Theorem 2.1. Let f be in A′(∂B(Hn), then we have for Re(iλ) > 0 and p ≥ 2
:
‖Pλ,lf‖λ,∗,p < +∞⇔ f ∈ L
p(∂B(Hn))
Where:
‖Pλ,lf‖λ,∗,p = sup0≤r<1(1− r
2)
(2n+1−Re(iλ)
2 [
∫
∂B(Hn)
|(Pλ,lf)(rω)|
p
dω]
1/p
.
Morever, there exists to positive constants Cl(λ) and δl(λ) such as:
Cl(λ)‖f‖p ≤ ‖Pλ,lf‖λ,∗,p ≤ δl(λ)‖f‖p
To obtain our main result, we first prove the case p = 2. Namely we
prove the following theorem:
Theorem 2.2. Let f be in A′(∂B(Hn), then we have for Re(iλ) > 0 :
‖Pλ,lf‖λ,∗,2 < +∞⇔ f ∈ L
2(∂B(Hn))
Where:
‖Pλ,lf‖λ,∗,2 = sup0≤r<1(1− r
2)
(2n+1−Re(iλ)
2 [
∫
∂B(Hn)
|(Pλ,lf)(rω)|
2
dω]
1/2
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The main theorem follows from the inversion formula given in the fol-
lowing theorem:
Theorem 2.3. Let F = Pλ,lf, f ∈ L
2(∂B(Hn)). Then its L2- boundary value
is given by the following inversion formula:
f(u) = (Cl(λ))
−2
limr 7→1−(1 − r
2)
− (2n+1−Re(iλ))2
∫
∂B(Hn)
F (rv)Pλ,l(ru, v)dv
in L2(∂B(Hn)) Where Cl(λ) is given by Corollary(5.3)( see section 5).
This paper is organised as follows:
In Section3 we determine the elementary spherical function ;
In Section4 we describe the precise action of the generalized Poisson
transform on L2(∂B(Hn)) and define the generalized spherical functions;
In Section5 we determine explicitely the generalized spherical functions
and conclude their asymptotic behaviour;
And in the last section we turn to the proof of the main theorem.
3. Expression of the elementary spherical function
Before giving the main result of this section let’s first state the following
proposition which will be useful in the sequel:
Proposition 3.1. The genenralized poisson kernel given by:
Pλ,l(x, ω) = (
1− |x|2
|1− < x, ω > |
2 )
iλ+ρ
2 χl(
1− < x, ω >
|1− < x, ω > |
);x, ω ∈ ∂B(Hn)
is K invariant.
Proof. Let k =
(
A 0
0 D
)
be in K, then we have for every x and ω in
∂B(Hn):
< kx, kω >=< AxD,AωD >=t D.tx(tA.A)ωD
But A ∈ Sp(n) then tA.A = Id and:
< kx, kω >=t D.txωD =t D < x, ω > D
Then we have:
Pλ,l(kx, kω) = (
1− |x|
2
|1−t D < x, ω > D|
2 )
iλ+ρ
2 χl(
1−t D < x, ω > D
|1−t D < x, ω > D|
)
And finally, recalling that χl is a character we conclude that:
χl(
D(1− < x, ω >)D
|1− < x, ω > |
) = χl(
1− < x, ω >
|1− < x, ω > |
)
which gives:
Pλ,l(kx, kω) = Pλ,l(x, ω)

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Now let’s recall the following lemma (see for instance[8]):
Lemma 3.2. Let f be a C valued function on ∂B(Hn) with:
f(ω) = g(ω1), ω = (ω1, ..., ωn) ∈ ∂B(H
n)
Then we have for some positive constant C :∫
∂B(Hn)
f(ω)dω = C
∫
{q∈H,|q|<1}
f(q)(1 − |q|2)
ρ−d
dm(q)
Let’s denote by e1 the unit vector of H
n and define the elementary
spherical function as being the mean of the generalised Poisson transform at
tht.e1, t ∈ R:
Φλ,l(t) := (Pλ,l1)(tht.e1)
Then we may state the following proposition wich will be useful in the
proof of the main theorem:
Proposition 3.3. The elementary spherical function Φλ,l(t) is given by:
pi
4
(2l+1)Γ(2)Γ(2n−2)Γ(2n) (1− tht
2)
iλ+2n+1
2 F21(
iλ+2n+1
2 +l,
iλ+2n+1
2 −l−1; 2n; tht
2)
Proof.
Φλ,l(t) =
∫
∂B(Hn)
(
1− tht2
|1− thtω1|
2 )
iλ+ρ
2
χl(
1− thtω1
|1− thtω1|
)dω1;
Using the lemma below and setting s := iλ+ρ2 we can write :
Φλ,l(t) = (1− tht
2)
s
∫
{q∈H,|q|<1}
|1− thtq|
−2s
χl(
1− thtq
|1− thtq|
)(1− |q|
2
)
ρ−d
dm(q)
= (1 − tht2)
s
∫
{q∈H,|q|<1}
|1− thtq|
−2s
C12l(Re(
1− thtq
|1− thtq|
))(1 − |q|
2
)
ρ−d
dm(q)
= (1 − tht2)
s
∫ 1
0
∫ π
0
|1− rthteiθ|
−2s
C12l(
1− rtht cos θ|
|1− rthteiθ|
)(1− r2)
ρ−d
r3sin2θdθdr
Where we have set:
q = r(cos θ + sin θy); θ ∈ [0, pi]; y ∈ H, Re(y) = 0,
∑
y2j = 1
Let η = rtht and set:
Jλ,l(η) =
∫ π
0
|1− ηeiθ|
−2s
C12l(
1− η cos θ|
|1− ηeiθ|
)sin2θdθ
Wich may be written (θ → pi − θ) :
Jλ,l(η) =
∫ π
0
|1 + ηeiθ|
−2s
C12l(
1 + η cos θ|
|1 + ηeiθ|
)sin2θdθ
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Set (see [3])
eiω =
1 + ηeiθ
|1 + ηeiθ|
Then we have:
cosω =
1 + η cos θ
|1 + ηeiθ|
; sinω =
η sin θ
|1 + ηeiθ|
; |ω| < pi/2
And,
C12l(
1 + η cos θ
|1 + ηeiθ|
) = C12l(cosω) =
sin(2l + 1)ω
sinω
C12l(
1 + η cos θ
|1 + ηeiθ|
) =
(1 + 2η cos θ + η2)
1/2
2iη sin θ
[ei(2l+1)ω − e−i(2l+1)ω]
C12l(
1 + η cos θ
|1 + ηeiθ|
) =
(1 + 2η cos θ + η2)
1/2
2iη sin θ
[(
1 + ηeiθ
|1 + ηeiθ|
)
2l+1
− (
1 + ηe−iθ
|1 + ηeiθ|
)
2l+1
]
Then
Jλ,l(η) =
1
2iη
∫ π
0
|1 + ηeiθ|
−2s−2l
[(1 + ηeiθ)
2l+1
− (1 + ηe−iθ)
2l+1
] sin θdθ
Jλ,l(η) =
1
2iη
∫ π
−π
(1 + ηeiθ)
−s−l
(1 + ηe−iθ)
−s−l
(1 + ηeiθ)
2l+1
sin θdθ
Jλ,l(η) =
1
2iη
∫ π
−π
(1 + ηeiθ)
−s+l+1
(1 + ηe−iθ)
−s−l
sinθdθ
Hence
Jλ,l(η) =
pi
2
(2l + 1)F21(s− l − 1, s+ l; 2; η
2)
Using the following lemma (see [3]):
∫ π
−π
sin θdθ
(1 + ηeiθ)
α
(1 + ηe−iθ)
β
= (β − α)ηpiiF21(α, β, 2; η
2)
But we have:
Φλ,l(t) = (1− tht
2)
iλ+ρ
2
∫ 1
0
(1− r2)
ρ−d
r3Jλ,l(rtht)dr
Hence
Φλ,l(t) =
pi
2
(2l+ 1)(1 − tht2)
iλ+ρ
2
∫ 1
0(1 − r
2)
ρ−d
r3
F21(
iλ+ρ
2 − l− 1,
iλ+ρ
2 + l; 2; r
2tht2)dr
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And using Bateman’s integral formula for:
Re(c) > Re(s) > 0, z 6= 1, | arg(1 − z) |< pi:
F21(a, b, c, z) =
Γ(c)
Γ(s)Γ(c−s)
∫ 1
0
xs−1(1− x)
c−s−1
F21(a, b, s, xz)dx
We can write (ρ = 2n+ 1):
Φλ,l(t) =
pi
4
(2l+1)Γ(2)Γ(2n−2)Γ(2n) (1 − tht
2)
iλ+2n+1
2 F21(
iλ+2n+1
2 +l,
iλ+2n+1
2 −
l − 1; 2n; tht2)

4. Precise action of the generalised Poisson transform on
L2(∂B(Hn))
In this section we study the action of the generalised Poisson transform on
L2(∂B(Hn)).See [5]
Denote by w1, ..., wn the standard coordinates on H
n
{
w1 = ‖w‖ cos ξ(cosϕ+ y sinϕ)
wj = ‖w‖ηj sin ξ
Where: 0 ≤ ξ ≤ pi/2 ; 0 ≤ ϕ ≤ pi; y ∈ H
And:
|y|2 = 1;Re(y) = 0; ηj ∈ H;
∑n
j=2
|ηj |
2 = 1
Let:
Vp,q = {(p, q) ∈ N
2; p ∈ N; q − p ∈ 2N}
Then we have by the Peter-Weyl theorem:
L2(∂B(Hn)) =
∑
(p,q)∈Vp,q
Hp,q
And the zonal spherical harmonics that spans Hp,q, first found by Ken-
neth Johnson and Nolan R. Wallach [5] are given by the following formula
(see for instance [10]):
φp,q(ω) =
1
(p+ 1)
cosqξ
sin((p+ 1)ϕ)
sinϕ
F21(
p− q
2
,−
p+ q + 2
2
; 2n− 2;−tan2ξ)
Now Let’s define:
P rλ,l : Hp,q → L
2(∂B(Hn))
with
(P rλ,lf)(u) :=
∫
∂B(Hn)
Pλ,l(ru, v)f(v)dv
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Then we may state the following proposition:
Proposition 4.1. Let f be in Hp,q. Then we have for λ ∈ C and r ∈ [0, 1[:
(Pλ,lf)(r.ω) = Φλ,l,p,q(r)f(ω)
where:
Φλ,l,p,q(r) := (Pλ,lφp,q)(r.e1)
Proof. By the K-invariance property of the Poisson kernel given in Proposi-
tion3.1 we can show that the operator P rλ,l acts from Hp,q to Hp,q.
Furthermore we have for every K-irreductible representation pip,q of
Hp,q. :
pip,q(k
−1)P rλ,l(f)(u) = (P
r
λ,lf)(ku)
pip,q(k
−1)P rλ,l(f)(u) =
∫
∂B(Hn)
Pλ,l(k.ru, v)f(v)dv
pip,q(k
−1)P rλ,l(f)(u) =
∫
∂B(Hn)
Pλ,l(ru, k
−1.v)f(v)dv
Setting ω = k−1.v we can write:
pip,q(k
−1)P rλ,l(f)(u) =
∫
∂B(Hn)
Pλ,l(ru, ω)f(kω)dω
Therfore
pip,q(k
−1)P rλ,l(f)(u) = P
r
λ,l(pip,q(k
−1f))(u)
Wich gives that we have for each k ∈ K
pip,q(k) ◦ P
r
λ,l = P
r
λ,l ◦ pip,q(k)
Hence P rλ,l commutes with all K-irreductible representations pip,q of
Hp,q. It follows by Schur lemma that the operator P
r
λ,l is scalar on each
component Hp,q.Hence there exists a constant Φλ,l,p,q(r) such that on each
Hp,q we have :
P rλ,l = Φλ,l,p,q(r).I
Where I is the identity operator on Hp,q.
Taking the zonal spherical function φp,q we get:
Φλ,l,p,q(r) = (P
r
λ,lφp,q)(e1)

We call the Φλ,l,p,q: generalised spherical functions.
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5. Generalised spherical harmonics and asymptotic behaviour
In this section, we should give the explicit expression of the generalised spher-
ical functions defined below .
Let’s state the following theorem:
Theorem 5.1. The generalised spherical harmonics are given, up to a con-
stant, by:
Φλ,l,p,q(tht) =
pi
4.(p+ 1)
Γ(2)Γ(2n− 2)
Γ(q + 2n)
(1 − tht2)
s
(tht)
p
[(s+ l)p+q
2 +1
(s− l − 1) q−p
2
F21(s− l−1+
q − p
2
, s+ l+1+
p+ q
2
; q+2n; tht2)
−(s− l − 1) p+q
2 +1
(s+ l) q−p
2
F21(s+ l +
q − p
2
, s− l +
p+ q
2
; q + 2n; tht2)]
Proof. using again lemma 3.2 we get:
Φλ,l,p,q(t) =
1
(p+1) (1− tht
2)
iλ+ρ
2
∫
{Z∈H,|Z|<1}
|1− thtZ|−iλ−2n−1
χl(
1−thtZ
|1−thtZ| )(1 − |Z|
2
)
2n−3
h(Z)dm(Z)
Where
h(Z) = |Z|
q sin((p+ 1)ϕ)
sinϕ
F21(
p− q
2
,−
p+ q + 2
2
; 2n− 2;
|Z|
2
− 1
|Z|
2 )
And
Z = |Z|(cosϕ+ y sinϕ)
with ∑
j≥2
y2j = 1;Re(y) = 0;
Setting |Z| = r we get:
|1− thtZ| = |1− rtht.eiϕ| and dm(Z) = r3sin2ϕdϕdr
we can write:
Φλ,l,p,q(t) =
1
(p+ 1)
(1− tht2)
iλ+2n+1
2
∫ 1
0
∫ π
0
|1 − rthteiϕ|
−iλ−2n−1
C12l(
1− rtht cosϕ|
|1− rthteiϕ|
)(1 − r2)
2n−3
rq+3 sinϕ sin(p+ 1)ϕ
F21(
p− q
2
,−
p+ q + 2
2
; 2n− 2;
r2 − 1
r2
)dθdr
Which may be written:
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Φλ,l,p,q(t) =
1
(p+ 1)
(1− tht2)
iλ+2n+1
2
∫ 1
0
[
∫ π
0
|1− rthteiϕ|
−iλ−2n−1
C12l(
1− rtht cosϕ|
|1− rthteiϕ|
) sinϕ sin(p+ 1)ϕdϕ](1 − r2)
2n−3
rq+3
F21(
p− q
2
,−
p+ q + 2
2
; 2n− 2;
r2 − 1
r2
)dr
Set η := rtht and s := iλ+2n+12 and define:
I =
1
(p+ 1)
∫ π
0
|1− ηeiϕ|
−2s
C12l(
1− η cosϕ
|1− ηeiϕ|
) sinϕ sin(p+ 1)ϕdϕ
Which can be written (ϕ 7→ pi − ϕ)
I =
1
(p+ 1)
(−1)
p
∫ π
0
|1 + ηe−iϕ|
−2s
C12l(
1 + η cosϕ
|1 + ηeiϕ|
) sinϕ sin(p+ 1)ϕdϕ
I =
1
(p+ 1)
(−1)
p
2iη
2
∫ π
−π
|1 + ηeiϕ|
−2s−2l
(1 + ηeiϕ)
2l+1
sin(p+ 1)ϕdϕ
I =
1
(p+ 1)
(−1)
p
2iη
∫ π
−π
(1 + ηeiϕ)
−s+l+1
(1 + ηe−iϕ)
−s−l
sin(p+ 1)ϕdϕ
I =
1
(p+ 1)
(−1)
p
−4η
∫ π
−π
(1 + ηeiϕ)
−s+l+1
(1 + ηe−iϕ)
−s−l
(ei(p+1)ϕ−e−i(p+1)ϕ)dϕ
I =
1
(p+ 1)
(−1)p+1(−1)p
−4η
Σk,j
ηk+j(s− l − 1)k
k!
(s+ l)j
j!
[
∫ π
−π
ei(k−j+p+1)ϕdϕ−
∫ π
−π
ei(k−j−(p+1))ϕdϕ]
I =
2pi
(p+ 1)
1
4η
[Σ+∞k=0
η2k+p+1(s− l − 1)k(s+ l)k+p+1
k!(k + p+ 1)!
− Σ+∞j=0
η2j+p+1(s− l − 1)j+p+1(s+ l)j
j!(j + p+ 1)!
]
I =
pi
(p+ 1)
1
2η
ηp+1[Σ+∞k=0
(s− l− 1)k(s+ l)p+1(s+ l+ p+ 1)k
k!(2 + p)k(2)p
η2k
− Σ+∞j=0
(s− l − 1)p+1(s+ l)j(s− l + p)j
j!(2 + p)j(2)p
η2k]
When we have used the formula: (a)k(a+ k)n = (a)k+n
And
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I =
pi
(p+ 1)
1
2
ηp[
(s+ l)p+1
(2)p
F21(s− l − 1, s+ l + p+ 1; 2 + p; η
2)
−
(s− l − 1)p+1
(2)p
F21(s+ l, s− l+ p; 2 + p; η
2)]
Therefore
Φλ,l,p,q(t) =
pi
(p+ 1)
(1− tht2)
s
[I1 − I2]
With
I1 =
1
2×(2)p
(s+ l)p+1
∫ 1
0
(1 − r2)
2n−3
rq+3(rtht)
p
F21(
p−q
2 ,−
p+q+2
2 ; 2n−2;
r2−1
r2 )F21(s− l−1, s+ l+p+1; 2+p; (rtht)
2
)dr
And
I2 =
1
2×(2)p
(s− l − 1)p+1
∫ 1
0(1 − r
2)
2n−3
rq+3(rtht)
p
F21(
p−q
2 ,−
p+q+2
2 ; 2n− 2;
r2−1
r2 )F21(s+ l, s− l + p; 2 + p; (rtht)
2
)dr
Using the classical transformation formula:
F21(a, b; c;x) = (1 − x)
−a
F21(a, c− b; c;
x
x−1 )
we can write:
F21(
p− q
2
,−
p+ q + 2
2
; 2n−2;
r2 − 1
r2
) = rp−qF21(
p− q
2
,
p+ q
2
+2n−1; 2n−2; 1−r2)
We can easily see that q−p2 is a non negative integer.
Then we can write:
F21(
p− q
2
,
p+ q
2
+ 2n− 1; 2n− 2; 1− r2) =
J
(2n−3,p+1)
q−p
2
(2r2 − 1)
( q−p
2 +2n−3
q−p
2
)
Where we have used the following known formula for t = 1 − r2, J being a
Jacobi polynomial, :
J
(α,β)
N (1− 2t
2) =
(
N+α
N
)
F21(−N,N + α+ β + 1;α+ 1; t
2)
I1 =
1
2×(2)p
(s+ l)p+1
∫ 1
0
(1 − r2)
2n−3
rq+3(rtht)p
F21(
p−q
2 ,−
p+q+2
2 ; 2n−2;
r2−1
r2 )F21(s− l−1, s+ l+p+1; 2+p; (rtht)
2
)dr
But:
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F21(
p−q
2 ,−
p+q+2
2 ; 2n− 2;
r2−1
r2 ) =
rp−q( q−p2 )!
(2n−2) q−p
2
J
(2n−3,p+1)
q−p
2
(2r2 − 1)
Then we can write:
I1 =
1
2×(2)p
(tht)
p
(s+ l)p+1
( q−p2 )!
(2n−2) q−p
2
∫ 1
0(1− r
2)
2n−3
r2p+3
J
(2n−3,p+1)
q−p
2
(2r2 − 1)F21(s− l − 1, s+ l + p+ 1; 2 + p; (rtht)
2
)dr
Setting x = 2r2 − 1 we get:
I1 =
1
4×2×(2)p
(tht)
p
(s+ l)p+1
( q−p2 )!
(2n−2) q−p
2
∫ 1
−1(
1−x
2 )
2n−3
× (1+x2 )
p+1
J
(2n−3,p+1)
q−p
2
(x)F21(s− l − 1, s+ l + p+ 1; 2 + p; (
1+x
2 )tht
2
)dx
I1 =
1
(2)p
(tht)
p
(s+ l)p+1
( q−p2 )!
(2n−2) q−p
2
×22n+p+1
∫ 1
−1(1− x)
2n−3
× (1 + x)
p+1
J
(2n−3,p+1)
q−p
2
(x)F21(s− l − 1, s+ l + p+ 1; 2 + p; (
1+x
2 )tht
2
)dx
Then using the following known Rodrigues formula for Jacobi polyno-
mials :
J
(α,β)
N (x) =
(−1)N
2NN !(1−x)α(1+x)β
dN
dxN
((1− x)
N+α
(1 + x)
N+β
)
We get:
J
(2n−3,p+1)
q−p
2
(x) = (−1)
q−p
2
2
q−p
2 ( q−p2 )!(1−x)
2n−3(1+x)p+1
d
q−p
2
dx
q−p
2
((1 − x)
q−p
2 +2n−3(1 + x)
q−p
2 +p+1)
Wich gives:
I1 =
(−1)
q−p
2
(2)p
(tht)
p
(s+ l)p+1
1
(2n−2) q−p
2
×22n+
p+q
2
+1
∫ 1
−1
d
q−p
2
dx
q−p
2
((1 − x)
q−p
2 +2n−3(1 + x)
p+q
2 +1)
F21(s− l − 1, s+ l + p+ 1; 2 + p; (
1+x
2 )tht
2
)dx
Then making an integration by part we can write
I1 =
(−1)
q−p
2
(2)p
(tht)p(s+ l)p+1
1
(2n−2) q−p
2
×22n+
p+q
2
+1
(−1)
q−p
2 ( tht
2
2 )
q−p
2
(s−l−1) q−p
2
(s+l+p+1) q−p
2
(2+p) q−p
2
∫ 1
−1
((1− x)
q−p
2 +2n−3(1 + x)
p+q
2 +1)
F21(s− l − 1 +
q−p
2 , s+ l + p+ 1 +
q−p
2 ; 2 + p+
q−p
2 ; (
1+x
2 )tht
2
)dx
I1 = (−1)
q−p(tht)q(s+ l) p+q
2 +1
(s− l − 1) q−p
2
1
(2) p+q
2
(2n−2) q−p
2
×22
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∫ 1
0
((1 − y)
q−p
2 +2n−3(y)
p+q
2 +1)
F21(s− l − 1 +
q−p
2 , s+ l +
p+q
2 + 1; 2 +
p+q
2 ; ytht
2)dy
Recalling that q − p ∈ 2N and using Bateman’s integral formula:
F21(a, b, c, z) =
Γ(c)
Γ(s)Γ(c− s)
∫ 1
0
xs−1(1− x)
c−s−1
F21(a, b, s, xz)dx
We can write :
I1 = (tht)
q Γ(2)Γ(2n−2)
Γ(q+2n)×22 (s+ l) p+q2 +1
(s− l − 1) q−p
2
F21(s− l − 1 +
q−p
2 , s+ l +
p+q
2 + 1; q + 2n; tht
2)
And we get similarly :
I2 = (tht)
q Γ(2)Γ(2n−2)
Γ(q+2n)×22 (s− l − 1) p+q2 +1
(s+ l) q−p
2
F21(s+ l +
q−p
2 , s− l +
p+q
2 ; q + 2n; tht
2)

The main tool in the proof of the main theorem is the determination of
the asymptotic behaviour of the generalized spherical functions.This result
arises as direct consequence of the following theorem:[2]
Theorem 5.2. For (a−b), α, β ∈ N and a, b, c ∈ C, Re(a+b+α+β−c−1)> 0
we have:
limZ→1(1−Z)
−c+a+b+α+β−1((a)α(b)βF21(a+α, b+β; c; z)−(a)β(b)αF21(a+β, b+α; c; z))
=
Γ(c)
Γ(a)Γ(b)
Γ(a+ b+ α+ β − c− 1)(a− b)(α− β)
Taking a := s+ l, b := s− l − 1, α := p+q2 + 1, β :=
q−p
2 and c := q + 2n
we can easily conclude that:
limr→1−(1 − r
2)
−( 2n+1−iλ2 )Φλ,l,p,q(r) = Cl(λ)
where:
Cl(λ) =
pi
4
(2l+ 1)
Γ(2n− 2)Γ(2s− 2n− 1)
Γ(s+ l)Γ(s− l − 1)
Then we may state the following corollary:
Corollary 5.3. Let λ ∈ C\R with Re(iλ) > 0 , then there exist a constant
Cl(λ) such as :
limr→1−(1 − r
2)
−( 2n+1−iλ2 )Φλ,l,p,q(r) = Cl(λ)
where:
Cl(λ) =
pi
4
(2l + 1)Γ(2n− 2)
Γ(iλ)
Γ( iλ+2n+12 + l)Γ(
iλ+2n+1
2 − l − 1)
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Remark 5.4. Using the following propriety of contiguous hypergeometric
functions:
aF21(a+ 1, b, c, z)− bF21(a, b + 1, c, z) = (b− a)F21(a, b, c, z)
we find,for the case l = 0,(up to a constant) the same expressions of the
known generalised spherical functions. See for instance [8],[11].
Morever, for p = q = 0, we get, (up to a constant), the same expression
of the elementary spherical function given by Proposition3.3.
6. Proof of the main theorem
In this section we give the proof of the main theorem.
But let’s first state the following proposition:
Proposition 6.1. Let λ ∈ C with Re(iλ) > 0, then there exists a positive
constant δl(λ) such that for f ∈ L
p(∂B(Hn), p ≥ 2 we have:
sup0≤r<1(1− r
2)
− 2n+1−Re(iλ)2 [
∫
∂B(Hn)
|(Pλ,lf)(rω)|
p
dω]
1/p
< δl(λ)‖f‖Lp(∂B(Hn)) < +∞
Proof. Let F = Pλ,l(f), f ∈ L
p(∂B(Hn), p ≥ 2, λ ∈ C with Re(iλ) > 0.
Then we have (setting θ = ke1, k ∈ K) :
∫
∂B(Hn)
Pλ,l(rω, θ)f(θ)dθ =
∫
K
Pλ,l(rω, ke1)f(ke1)dk
∫
∂B(Hn)
Pλ,l(rω, θ)f(θ)dθ =
∫
K
Pλ,l(r.he1, ke1)f(ke1)dk, ω = h.e1, h ∈ K
∫
∂B(Hn)
Pλ,l(rω, θ)f(θ)dθ =
∫
K
Pλ,l(re1, h
−1ke1)f(ke1)dk
let’s introduce the function Pλ,r on K as follows:
Pλ,r(k) = Pλ(r.e1, ke1) Then we have:
(Pλ,lf)(rω) = (Pλ,r ∗ f)(ke1)
Using the Hausdorff-Young inequality we get:
‖Pλ,r ∗ f‖Lp(∂B(Hn)) ≤ ‖Pλ,r‖L1(∂B(Hn))‖f‖Lp(∂B(Hn))
Morever we have,
‖Pλ,r‖L1(∂B(Hn) =
∫
K
|Pλ,r(ke1)|dk
But
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∫
K
|Pλ,r(ke1)|dk =
∫
∂B(Hn)
|Pλ,l(re1, ω)|dω Then∫
K
|Pλ,r(ke1)|dk = |Φiλ,l(r)|;
Then we can write:
‖Pλ,r‖L1(∂B(Hn) = ΦRe(iλ),l(r)
And:
‖Pλ,r‖L1(∂B(Hn) =
pi
4
(2l+ 1)(1 − r2)
Re(iλ)+2n+1
2
F21(
Re(iλ) + 2n+ 1
2
+ l,
Re(iλ) + 2n+ 1
2
− l − 1; 2n; r2)
We conclude that for Re(iλ) > 0 we have:
sup0≤r<1(1− r
2)
− 2n+1−Re(iλ)2 [
∫
∂B(Hn)
|(Pλ,lf)(rω)|
p
dω]
1/p
≤ δl(λ)‖f‖Lp(∂B(Hn)) < +∞
Where:
δl(λ) :=
pi
4
(2l + 1)
Γ(2n)Γ(Re(iλ))
Γ(2n+1+Re(iλ)2 − l − 1)Γ(
2n+1+Re(iλ)
2 + l)
Now we turn to the proof of Theorem 2.3
Suppose that p = 2 and Let
F = Pλ,l(f), f ∈ L
2(∂B(Hn).
Expanding f into its K-type serie f =
∑
p,q∈Ωfp,q we get:
F (ru) =
∑
p,q∈Ω
Φλ,l,p,q(r)fp,q(u)inC
∞([0, 1[×∂B(Hn))
Morever we have:
∑
p,q∈Ω| Φλ,l,p,q(r) |
2
‖ fp,q ‖
2
2 <∞ for all r ∈ [0, 1[
Then for every fixed r ∈ [0, 1[, the series
∑
p,q∈ΩΦλ,l,p,q(r)fp,q(v) are
uniformly convergents on ∂B(Hn).
Lets now consider for each r ∈ [0, 1[ the following C valued function gr
on the boundary ∂B(Hn)) given by:
gr(u) = (1 − r
2)
−(2n+1−Re(iλ))
∫
∂B(Hn)
F (rv)Pλ,l(ru, v)dv
Then
gr(u) = (1 − r
2)
−(2n+1−Re(iλ))
∫
∂B(Hn)
∑
p,q∈Ω
Φλ,l,p,q(r)fp,q(v)Pλ,l(ru, v)dv
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Since the series
∑
p,q∈ΩΦλ,l,p,q(r)fp,q(v) are uniformly convergents on ∂B(H
n))
we get:
gr(u) = (1 − r
2)
−(2n+1−Re(iλ))∑
p,q∈Ω
Φλ,l,p,q(r)
∫
∂B(Hn)
Pλ,l(ru, v)fp,q(v)dv
Hence:
gr(u) = (1 − r
2)
−(2n+1−Re(iλ))∑
p,q∈Ω
| Φλ,l,p,q(r) |
2
fp,q(u)
Then:
‖Cl(λ)
−2
gr − f‖
2
2 =
∑
p,q∈Ω
[Cl(λ)
−2
(1− r2)
−(2n+1−Re(iλ))
| Φλ,l,p,q(r) |
2
− 1]
2
‖fp,q‖
2
Then we conclude from the asymptotic behaviour of the generalized spherical
functions Φλ,l,p,q(r) that: limr−→1−‖Cl(λ))
−2
gr − f‖
2
2 = 0 which gives the
desired result.

Now we turn to the proof of Theorem 2.2 for the case p=2;
Proof. The necessary condition is given by proposition 6.1.
For the sufficient condition let’s now suppose that F = Pλ,lf satisfies
the Hardy’s inequality:
sup(1− r2)
− 2n+1−Re(iλ)2 [
∫
∂B(Hn)
|(Pλ,lf)(rω)|
2dω]
1/2
< +∞
Then we have to show that f ∈ L2(∂B(Hn))
Decomposing f to it’s K type series f =
∑
p,q∈Ωfp,qwe can write in
C∞([0, 1]× ∂B(Hn)
Pλ,lf(ru) = Σp,q∈ΩΦλ,l,p,q(r)fp,q(u)
Morever we have for every fixed r ∈ [0, 1[ :
(1− r2)
−
2n+1−Re(iλ)
2 (
∑
p,q∈Ω
|Φλ,l,p,q(r)|
2
‖fp,q‖
2
2)
1/2 < +∞
If we consider Ω0 un arbitrary finite subset of Ω then we have for every
r ∈ [0, 1[:
(1− r2)
− 2n+1−Re(iλ)2 (
∑
p,q∈Ω0
|Φλ,l,p,q(r)|
2
‖fp,q‖
2
2)
1/2 ≤ ‖Pλ,lf‖λ,∗,2 < +∞
And from the corollary giving the asymptotic behaviour of Φλ,l,p,q(r)
we conclude:
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Cl(λ)
2
∑
p,q∈Ω0
‖fp,q‖
2
2 ≤ sup(1− r
2)
− 2n+1−Re(iλ)2 [
∫
∂B(Hn)
|(Pλ,lf)(rω)|
2dω]
1/2
< +∞

Now we are ready to give the proof of the main theorem 2.1 for all p ≥ 2
Proof. The necessary condition follows from Proposition6.1
For the sufficient condition, let’s consider F a C-valued function on
∂B(Hn) such that ‖F‖λ,p,∗ < +∞.
Using the fact that ‖F‖λ,p,∗ < ‖F‖λ,2,∗ then we conclude from the
Theorem 2.2 that there exist a function f ∈ L2(B(Hn)) such that:
F = Pλ,l(f). Furthermore, by Theorem 2.3 we have f(u) = limr−→1−gr(u)
where:
gr(u) = (Cl(λ))
−2
(1− r2)
−(2n+1−Re(iλ))
∫
∂B(Hn)
F (rv)Pλ,l(ru, v)dv
For every continuous function in ∂B(Hn) we can write:
limr−→1−
∫
∂B(Hn)
gr(u)Φ(u)du =
∫
∂B(Hn)
f(u)Φ(u)du
Morever we have:
∫
∂B(Hn)
gr(u)Φ(u)du = Cl(λ)
−2
(1− r2)
−(2n+1−Re(iλ))
∫
∂B(Hn
(
∫
∂B(Hn
F (rv)Pλ,l(ru, v)dv)Φ(u)du
Then,
∫
∂B(Hn)
gr(u)Φ(u)du = Cl(λ)
−2
(1− r2)
−(2n+1−Re(iλ))
∫ ∫
∂B(Hn
Pλ,lΦ(rv)F (rv)dv
And by using the Holder inequalty for p being such that 1/p+ 1/q = 1
we obtain:
|
∫
∂B(Hn)
gr(u)Φ(u)du| ≤ Cl(λ)
−2
(1− r2)
−(2n+1−Re(iλ))
(
∫
∂B(Hn
|(Pλ,lΦ)(rv)|
q
dv)
1/q
‖F‖λ,p,∗
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Then:
|
∫
∂B(Hn)
gr(u)Φ(u)du| ≤ Cl(λ)
−2
(1 − r2)
−(2n+1−Re(iλ))
‖(Pλ,lΦ)‖q‖F‖λ,p,∗
But we have from proposition 4.1 and corollary 5.3:
Φ(u) = Cl(λ)
−1limr→1−(1− r
2)
(2n+1−(iλ)/2)
(Pλ,lΦ)(ru) in L
q(B(Hn))
Hence,
‖f‖p ≤ (Cl(λ))
−1
‖Φ‖q‖F‖λ,p,∗
We finally conclude:
Cl(λ)‖f‖p ≤ ‖F‖λ,p,∗

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